ESTIMATES FOR SINGULAR 
INTEGRALS AND EXTRAPOLATION 



Shuichi Sato 

Abstract. In this note, we study singular integrals with rough kernels, which belong 
to a class of singular Radon transforms. We prove certain estimates for the singular 
integrals that are useful in an extrapolation argument. As an application, we prove 
L p boundedness of the singular integrals under a certain sharp size condition on their 
kernels. 



1. Introduction 
Let f2 be a function in satisfying 

(1.1) / Q(0) da(6) = 0, 

where da denotes the Lebesgue surface measure on the unit sphere S n ~ 1 in K". In 
this note we assume n > 2. For s > 1, let A s denote the collection of measurable 
functions h on R + = {t <E K : t > 0} satisfying 

I 'ill A, = sup I / \h{t)\ s dt/t < oo, 




where Z denotes the set of integers. We note that A s C At if s > t. In this note 
we always assume h e Ai. Let P(y) = (Pi(y), Pi{y), ■ ■ ■ ,Pd{y)) be a polynomial 
mapping, where each Pj is a real- valued polynomial on R". We consider a singular 
integral operator of the form: 

(1.2) T(f)(x) = p. v. f f(x - P(y))K(y) dy = lim f f(x - P(y))K(y) dy, 
Jr- e ^°J\y\>e 

for an appropriate function / on R d , where K(y) = h(\y\)il(y')\y\~ n , y' = \y\~ 1 y. 
Then, T{f) belongs to a class of singular Radon transforms. See Stein [17], Fan-Pan 
[8] and Al-Salman-Pan [1] for this singular integral. 

When h = 1 (a constant function), n — d and P(y) = y, we also write T(f) = 
S(f). Let /(£) = J Rd f(x)e~ 2ml ' x '^' ) dx be the Fourier transform of /, where (■, ■) 
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denotes the inner product in M. d . Then it is known that (Sf) (£) = m(£')/(£), 
where 



Using this, we can show that S extends to a bounded operator on L 2 if SI G 
LlogL(S'™ _1 ), where LlogL(S'™~ 1 ) denotes the Zygmund class of all those func- 
tions SI on S" 1-1 which satisfy 



Furthermore, if SI G L\ogL(S n x ), by the method of rotations of Caldcron-Zygmund 
(see [2]) it can be shown that S extends to a bounded operator on L p for all 
P G (l,oo). 

When n = d and P(y) = y, R. Fefferman [10] proved that if h is bounded and SI 
satisfies a Lipschitz condition of positive order on S" -1 , then the singular integral 
operator T in (1.2) is bounded on L p for 1 < p < 00. Namazi [13] improved this 
result by replacing the Lipschitz condition by the condition that SI G L q (S n ~ 1 ) 
for some q > 1. In [7], Duoandikoetxea and Rubio de Francia developed methods 
which can be used to study mapping properties of several kinds of operators in 
harmonic analysis including the singular integrals considered in [13]. Also, see [6, 
22] for weighted L p boundedncss of singular integrals, and [18, 19] for background 
materials. 

For the rest of this note we assume that the polynomial mapping P in (1.2) 
satisfies P(—y) = —P{y) and P ^ 0. We shall prove the following: 



Theorem 1. Let SI G L^S™" 1 ), q G (1,2] and h e A s , s e (1,2]. Suppose SI 
satisfies (1.1). Let T be as in (1.2). Then we have 



for all p G (l,oo), where the constant C p is independent ofq,s,Q and h. Also, the 
constant C p is independent of polynomials Pj if we fix deg(Pj) (j = 1, 2, . . . , d). 

In Al-Salman-Pan [1], the LP boundedness of T was proved under the condition 
that SI is a function in L\ogL(S n ~ 1 ) satisfying (1.1) and h G A s for some s > 1 ([1, 
Theorem 1.3]). Also it is noted there that estimates like those in Theorem 1 (with 
s being fixed) can be used to prove the same result by applying an extrapolation 
method, but such estimates are yet to be proved (see [1, p. 156]). In [1], the authors 
also considered singular integrals defined by certain polynomial mappings P which 
do not satisfy the condition P(—y) = —P(y). 

As a consequence of Theorem 1 we can give a different proof of [1, Theorem 1.3] 
via an extrapolation method; in fact, we can get an improved result. For a positive 
number a and a function h on M + , let 



We define a class C a to be the space of all those measurable functions h on M + 
which satisfy L a (h) < 00. Also, let 




fi(0) i-sgn«M)+log|<M| da{6). 




\\T{f)\\ L * m < C p (q - l)" 1 ^ - l)- 1 ||fi||L,(S"- 1 )ll^l|A s ||.f||L P(R -) 



L a (h) = sup 

jez 




N a (h) = m a 2 m d m (h), 
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where d m (h) = sup keZ 2- k \E(k,m)\ with E(k,m) = {r G (2 k ,2 k+1 ] : 2 m ' 1 < 
\h(r)\ < 2 m } for to > 2, E(k,l) = {r G (2 fc ,2 fc+1 ] : |/i(r)| < 2}. We denote by 7V a 
the class of all those measurable functions h on K + such that N a (h) < oo. Then 
we readily see that N a (h) < oo implies L a {h) < oo. Conversely, if L a+ b(h) < oo 
for some b > 1, then N a (h) < oo. To see this, note that 



for to > 2; thus JV (/i) < 2di(/i) + CL a+b (h) J2 m >2 m ~ b < 00 ■ B Y Theorem 1 and 
an extrapolation method we have the following: 

Theorem 2. Suppose Q is a function in L logL(S n ~ 1 ) satisfying (1.1) and h 
Let T be as in (1.2). T/ien 



/or a/Zp G (l,oo), where C p is independent of polynomials Pj if the polynomials are 
of fixed degree. 

By Theorem 2 and the remark preceding it we see that T is bounded on L p for 
all p G (1, oo) if is as in Theorem 2 and h G C a for some a > 2. 

When n = d, P(y) = y, ft is as in Theorem 2 and ft, is a constant function, it is 
known that T is of weak type (1, 1); see [5, 15]. Also, see [4, 9, 11, 12, 16, 20, 21] 
for related results. 

In Section 2, we shall prove Theorem 1. Applying the methods of [7] involving the 
Littlewood-Paley theory and using results of [8, 14], we shall prove L p estimates 
for certain maximal and singular integral operators related to the operator T in 
Theorem 1 (Lemmas 1 and 2). Lemma 1 is used to prove Lemma 2. By Lemma 2 
we can easily prove Theorem 1. A key idea of the proof of Theorem 1 is to apply a 
Littlewood-Paley decomposition adapted to a suitable lacunary sequence depending 
on q and s for which Q G L g (S n ~ 1 ) and h G A s . The method of appropriately 
choosing the lacunary sequence was inspired by [1], where, in a somewhat different 
way from ours, a similar method was used to study several classes of singular 
integrals. 

We shall prove Theorem 2 in Section 3. Finally in Section 4, we consider the 
maximal operator 



where P and K are as in (1.2). We shall prove analogs of Theorems 1 and 2 for the 
operator T*. 

Throughout this note, the letter C will be used to denote non-negative constants 
which may be different in different occurrences. 



Let VI, h be as in Theorem 1. We consider the singular integral T(f) defined 
in (1.2). Let p > 2 and E k = {x G R n : p k < \x\ < p k+1 }. Then T(f){x) = 
S^°oo Gk * f( x )> wnerc {o7c} is a sequence of Borcl measures on R d such that 




|fc(r)| (log(2 + |Mr)|)) a+b dr/r < CL a+b (h) 



\\T(f)\\LP(R d ) < Cpll/llz,P(]R<*) 



(1.3) 




2. Proof of Theorem 1 



(2.1) 
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We note that 



We write 



K * /)'(0 = f(0 I e- 2 ^ p ^K(y) dy. 

JE k 



P{y) = Y,Qj(y), Qj(y)= £ « 7 y 7 KeR d ), 

J = l |7|=JV0') 

where Qj # 0, 1 < jV(l) < iV(2) < ••• < N(£), 7 = (71,..., 7„) is a multi- 
index, = yj 1 ...y1 n and |-y | = 71 + • • • + j n . Let /3 TO = p N ( m ) and a m = 
(q - l)(s - l)/(2qsN(m)) for 1 < m < £ Put P (m) (y) = EJLi Qjfa) and define a 
sequence /^ m ) = {/Ltjj. m ^} of positive measures on R d by 



(m) 

H * 



/(*) = / /(x-P^O/)) \K(y)\dy 



for m = 1,2,. Also, define = {^j by ^ = (J Bfc where 5 

is Dirac's delta function on R d . For a sequence v = {vk} of finite Borel measures 
on M. d , we define the maximal operator v* by v*(f)(x) — sup fc ||i/fc| * f(x)\, where 
\vk\ denotes the total variation. We consider the maximal operators (^"^) (0 < 
m < £). We also write (//^)* = p*. 
Let 

Aj(0 = « a 7C7'.l)'0)( a 70'>2))^)>---)< a 7C7',^)>0)) 

where {7(7, fc)}fc=i i s an enumeration of {t} =jv(j) for 1 < j < £. Then Lj is a 
linear mapping from K d to W j . Let Sj = rank Lj . There exist non-singular linear 
transformations R 3 : R d -> R d and Hj : R s * -> R s ^ such that 

|^<.^-(0I < 1^(01 < c|^<.^(OI, 
where 7Tg.(£) = (£1, . . . ,£ Sj -) is the projection and C depends only on rj (a proof 
can be found in [8]). Let {o^. } (0 < m < t) be a sequence of Borel measures on 



such that 



* { r ) *f(x)= I f(x-P^\y))K(y)dy 



for m = 1, 2, . . . , £, while cr[ 0) = 0. Let (p e C °°(M) be supported in {\r\ < 1} and 
if(r) — 1 for r < 1/2. Define a sequence 

T (m) = | T M| of Borcl 

measures by 

(2-2) 4 m \0 = ai m \0® k M0 - at^m^m-iit) 

for m = 1, 2, . . . , £, where 



*k,m(0 = LI V(^l^<^(0l) 



j=m+l 

if < to < t - 1 and $ M = 1. Then a k = cr^ = YL=1 ^if' '■ We note that 

*fc,m(£V (/^l^l^WO!) = *k,m-l(0 (1 < ™ < £). 

For 1 < m < £, let rj m) (/) = £ fc * /. Then T = £* m=1 ^ m) . 

For p e (1, oo) we put p' = p/(p - 1) and S(p) = \l/p - l/p'\. Let 6 e (0, 1). 
Then we have the following L p estimates for (p^)* and Tp m \ 
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Lemma 1. For p > 1 + 9 and < j < t, we have 
(2.3) 



<c(b g p)||fi|U, (s „-i ) ||/i||A. (i-p- e/(2q ' s,) y 2/P \\.f\\L P (M«y 



LP(R d ) 

Lemma 2. For p € (1 + 0,(1 + O)/0) and 1 < m < I, we have 



l-6(p) 



\LP( 



The constants C in Lemmas 1 and 2 are independent of q, s e (1,2], £1 6 
L 9 (5' Tl_1 ), /i G A s , p and the coefficients of the polynomials Pk (1 < k < d). 

We prove Lemma 2 first, taking Lemma 1 for granted for the moment. Let A = 

(lGgp)||fi|U« ( s»-i)||/i||A. and B = (1 - /J-**")" 1 = (l - p- e /( 2 ' V ») ~\ Then, we 
have the following estimates: 



(2.4) 
(2.5) 
(2.6) 
(2.7) 



\\T { k m) \\< Cl A (11^11 = 1^1^)), 



t l \o\<c 3 A(^\L m mr m , 

(t M)* (/) < Cp AB 2 /P\\f\\ p forp>l + fl, 



(0\<c 2 A((3 k m \L m ($\y 



for some constants c$ (1 < i < 3) and C p , where we simply write ||/||lp 
Now we prove the estimates (2.4)-(2.7). First we see that 



(2.8) 



i ( m ) ii ^ 



<C||fi| 



\h(r)\dr/r <C (log pm^WhWA,. 



From this (2.4) follows. To prove (2.5), define 

F(r,0= I n(9)cM-^,P (m) (r9)))do-(9). 
Then, via Holder's inequality, for s £ (1, 2] we see that 

(2-9) \<r ( ,r\0\= [ h(r)F(r,d)dr/r 

.Ink 



< 



1/8 



\h(r)\ s dr/r 



l/s' 



\F(r,£)\ s dr/r 



<CQogp) 1 ''\\h\\ A .\\Sl\\[ 



(s'-2)/s' 



l/s' 



\F(r,0\ 2 dr/r 



We need the following estimates for the last integral: 
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Lemma 3. Let 1 < q < 2 and £1 G L q (S n ~ 1 ). Then there exists a constant C > 
independent of q, p, and the coefficients of the polynomial components of p(" 1 ) 
such that 

I'" 1 \F{r,i)\ 2 dr/r < C(logp) (/t I^OI)" 1 ^'^ 11^- 

Proof. Take an integer such that 2" < p < 2 V+1 . By the proof of Proposition 5.1 
of [8] we have 

/ \F(r,$\ 2 dr/r= \F(p k r,t)\ 2 dr/r < V / |P(A,6| 2 dr/r 



9' 



< 



2/9' 



l/(2JV(m)g') 



< 



^ c ^' w ( m )/ NH |i ra K)l) 

3=0 

C(logp) (^^1^(01) 



inill- 



This completes the proof of Lemma 3. 

By (2.9) and Lemma 3 we have |o| m) (£)| < CA (f3^\L m (()\y am . Also, we have 
< CA by (2.8). We can prove the estimate (2.5) by using these estimates 



v. 



(m-l)| 
k 



in the definition of r^ m ' in (2.2) and by noting that ip is compactly supported. 
Next, to prove (2.6), using (1.1) when m = 1, we see that 

\i m) m < |(4 ro) (0 -4 m_1) (o) + |(*m.(0 -$ fe , ro -i(0)4 ro_1) (0 

< C\\n\\ l( 3i +1 \L m (0\ I \h(r)\dr/r + CWvf-V \\fa\L m {Q\ 

<c(iog P )\\n\\4h\\ Al pi +1 \L m (t)\, 

where to get the last inequality we have used (2.8). By this and (2.8), we have 

\4 m) (0\ < c(iogp)\\n\\4h\\ Al (p k m +1 \L m (o\) c 

for all c £ (0, 1], which implies (2.6). Finally, the estimate (2.7) follows from Lemma 
1 since 



( T M)*(/) 



< C 



(M M )*(I/I) 



c 



(,i 



(m- l)y m <CAB 2 'v\\f\\ p 
V 



for p > 1 + 6, where the first inequality can be seen by change of variables and a 
well-known result on maximal functions (see [8]). 

Let {ipk}™oo be a sequence of functions in C°°((0, 00)) such that 



supp 



mc[p- k -\p- k+1 ], £>k(*) 2 = l, \(d/dtyMt)\ < Cj/V (. 7 -l,2,...), 
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where the constants cj are independent of f3 m . Define an operator Sk by (Sk(f)) (£) = 
4>k (\H m ir d Sm R m (0\) f(0 and let 



Then by Plancherel's theorem and the estimates (2.4)-(2.6) we have 
(2.10) 

2 l JD(j+k) 



<C7A 2 min(l,/3 m ^(l^ 2 ))^ / |/(0| 2 d£ 
<CA 2 min(l,/3 m 2Q ^l- 2 )) 



\l 



where D(k) = < \H m ^ m R m (^)\ < p~ k+1 }. 

Applying the proof of Lemma in [7, p. 544] and using the estimates (2.4) and 
(2.7), we can prove the following. 

Lemma 4. Let u G (1 + 6,2]. Define a number v by 1/v — 1/2 = 1/(2m). Then we 
have the vector valued inequality 



(2.11) 



Am) 



* 9k\ 



1/2 



< (c 1 C u ) 1 ' 2 AB 1 ^ 



(E 



9k\ 



1/2 



where the constants c\ and C u are as in (2.4) and (2.7), respectively. 
By the Littlewood-Paley theory we have 



(2.12) 
(2.13) 



Vl m) (f)\\ p <c p 



Ei-i m) *^(/)i 2 



1/2 



£iw)i 2 



1/2 



< C„ 



where 1 < p < oo and c p is independent of fi m and the linear transformations 
R m , H m . Suppose that 1 + 6 <p< 4/(3 - 6). Then we can find u£ (1 + 6,2] such 
that 1/p = 1/2 + (1 — 6)/(2u). Let v be defined by u as in Lemma 4. Then by 
(2.11)-(2.13) we have 

(2.14) ^(DW^CAB^WflU. 

Since 1/p = 6/2 + (1 — 6)/v, interpolating between (2.10) and (2.14), we have 
||V; M (/)|| P < CAB^-^rnin(l,f3 m e ^-V) \\f\\ p . 
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It follows that 
(2.15) 

\\Tl m \f)\\ P < £ \\v} m \f)\\ p < CAB^'^l - /3-^)- 1 ||/|| p 

3 

< CAB^\\f\\ p , 

where we have used the inequality £min (l, /3™ earo(b ' l_2) ) < 5 (l - P m 9am ) "\ 

We also have ||T p (m) (/)|| 2 < £ ll^ (m) (/)l| 2 < CAB\\f\\ 2 by (2.10), since B > 
(1 — /3 m am ) X . By duality and interpolation, we can now get the conclusion of 
Lemma 2. 

Next, we give a proof of Lemma 1. We prove Lemma 1 by induction on j. Now 
we assume (2.3) for j = m — 1, 1 < m < £, and prove (2.3) for j = m. Let 
(p G C ( 5 > °(R) be as above. Define a sequence — {rj^} of Borel measures on M. d 

by 

4 m) (0 = <p (P k JH m ntR m (0\) Ai m_1) (0- 

Then by (2.3) with j = m — 1, we have 



(2.16) 



(v (m) r(f) 



< c 



(/, 



(m ~ 1} )*(/) <CAB 2 / p \\f\\ 
v 



p 



for p > 1 + 0. Furthermore, we have the following: 
(2.17) 

ii^ ) ii + ii/*L m) ii<cii/*L m - 1) n 

<c(io g p)||n||i||/i|| Al <ca 



/4"°||<C||fi||i f |M/')|^/r 



(2.i8) -c } (oi < c(iog P )iifiii 1 ||/iii Al (p k m +i \L m my 

<CA(p k m +1 \L m (0\) am , 



(2.19) 



(2.20) |7)i m) (e)| < C(Iogp)||ft|| Al ||fi||i K\L m (0\) an < CA (f3 k m \L m (H)\y am ■ 
To see (2.18) we note that 

IAi ro) (0-4 m) (0l < ^(O-A^^I+l^^l^m^^COl) -i)Ai m_1) (0 

Thus arguing as in the proof of (2.6), we have the first inequality of (2.18). The 
estimate (2.19) follows from the arguments used to prove (2.5). Also, we can see 
the first inequality of (2.20) by the definition of and (2.17). 
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Since || (^ m ^)*(f) ||oo < C^H/Hoo, by taking into account an interpolation, it 
suffices to prove (2.3) with j = m for p G (1 + 0, 2]. Define a sequence — {v^} 



of Borel measures by — — rfj^ . Let 



1/2 



Then 
(2.21) 



(v {m) nf)<gm(f) + (r) im) y(\f\)- 



Thus, by (2.16), to get (2.3) with j = to it suffices to prove \\g m {.f)\\ P < CAB 2 /'P\\f \\ p 
for p E (1 + 6, 2] with an appropriate constant C. By a well-known property of 
Rademacher's functions, this follows from 



(2.22) 



!#">(/) < CAB 2 /? \\f\\ p 



for pG (1 + 6, 2], where U^ m \f) = J2k * / witn e = £fe = 1 or -1, and 

the constant C is independent of e. 

The estimate (2.22) is a consequence of the following: 

Lemma 5. We define a sequence {pj}f by p\ — 2 and 1/pj+i = l/2+(l — 6)/(2pj) 
for j > 1. (We note that 1/pj = (1 - a J ')/(l + 6), where a = (1 - 0)/2, so {p^} is 
decreasing and converges to 1 + 6.) Then, for j > 1 we have 



U(m) {f) 



Pi 



< CjAB 2 l p i 



Proof. Let 



oo 

U ( j m \f)= ]T Cfc 5 j+fc (i/^*5 j+fc (/)). 



k— — oo 



Then by Plancherel's theorem and the estimates (2.17)-(2.20), as in (2.10) we have 



(2.23) 



It follows that 



u\ m \f) 



< CA\ 



(l,/3-"»<W- a >) 



C/i m) (/) 2 < Ej Il^r ; (/)ll2 < CAB\\f\\ 2 . If we denote by 
the assertion of Lemma 5 for j = s, this proves A(l). 

Now we derive A(s+1) from A(s) assuming that A(s) holds, which will complete 
the proof of Lemma 5 by induction. Using (2.21), we see that 

M m) )*(/) < (M (m) )*(l/I) + (V (m) n\.f\) < 9m(\f\) + 2fa< ro >)*(|/|). 
Note that A(s) implies \\g m (f)\\ Ps < CAB 2 ^ \\f\\ Ps . By this and (2.16) we have 



r(m) 



(2.24) (*»)*(/) <|| 9ro (|/|)|| Ps +2 (^))*(|/|) 



< CAB 2 /*' 



MPs • 
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By (2.17), (2.23) and (2.24), we can now apply the arguments used in the proof of 
(2.15) to get A(s + 1). This completes the proof of Lemma 5. 

Now we prove (2.22) for p£ (1 + 9, 2]. Let {pj}^° be as in Lemma 5. Then we 
have pn+i < P < Pn for some N. Thus, interpolating between the estimates of 
Lemma 5 for j — N and j = N + 1, we have (2.22). This proves (2.3) for j = m. 

Finally, we can easily see that (/U (0) )*(/) < C(logp)||fi||i||/i|| Al |/| (see (2.17)), 
which implies the estimate (2.3) for j = 0. Therefore, by induction we have (2.3) 
for all < j < £. This completes the proof of Lemma 1. 

Now we can prove Theorem 1. Since 9 G (0, 1) is arbitrary, by taking p = 2 q s 
in Lemma 2 we have 

||T 2 ( ^,(/)|| P < C p (q l)-\a lr'WnUhUMh 
for all p G (1, oo). This completes the proof of Theorem 1, since T = J2m=i Tp m \ 

3. Proof of Theorem 2 

Theorem 2 can be proved by Theorem 1 and an extrapolation argument. Let 
T(f) be the singular integral in (1.2). We also write T(f) = T h . n (f). We fix 
q G (1,2], Q, G L'i(S n - 1 ), p e (l,oo) and a function / with ||/|| p < 1 and put 
S(h) = \\Th.n(.f )\\ P - Then we have the following subadditivity: 

(3.1) S(h + k) < S(h) + S(k). 

Set E x = {r G M+ : \h(r)\ < 2} and E m = {r G R+ : 2 1 "- 1 < \h(r)\ < 2 m } for 
m > 2. Then, applying Theorem 1, we see that 

(3.2) s(h XE J < c( q ly'is lr'wnuhxEji^ 

for s G (1,2], where \e denotes the characteristic function of a set E. Now we follow 
the extrapolation argument of Zygmund [23, Chap. XII, pp. 119-120]. First, note 
that 

\\h X E m \\A 1 + 1/m <2 m dZ /{m+1) (h) 

for m > 1, where d m (h) is as in Section 1. Using this and (3.2) we see that 

J2 S ( h XE m ) < C(q ly'M, ™\\h X E m \\A 1+1/m 
m>l m>l 

< C(q - lr'M, m2 m dZ /{m+1) {h). 

m>l 

Recalling the definition of N a (h), we have 

m2 m dZ /(m+1) {h) = m2 m (C /{m+1) (h)+ m2 m dZ' (m+1) (h) 

m>l d m (h)<3- m d m (h)>3- m 

< m2 m 3- m2/(m+1) + m2 m d m (hys m/(m+1) < C(l + N^h)). 

m. > 1 m > 1 
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Therefore, by (3.1) we see that 

(3.3) S(h)<J2S(h X E m )<C(q-l)- 1 \\n\\ q (l + N 1 (h)). 

m>l 

Next, fix h G M, P G (l,oo) and / with ||/|| p < 1 and let R(Q) = \\T h ,n{f)\\ P - 
Put e m = a{F m ) for m > 1, where F m = {9 G S™" 1 : 2™- 1 < |0((9)| < 2 m } for 
m > 2 and F 1 = {9 G S"^ 1 : |fi(0)| < 2}. We decompose as = YZ=i n ™, 
where m = ^XF m — cr(5™ _1 ) _1 J F fidcr. We note that / Q TO da = 0, ||f2 TO || r < 

C2 m ell r for 1 < r < oo. Now, by (3.3) and the subadditivity of R(Q) we sec that 



R(n) < R(n m ) < c (i + Ntih)) ]T m\\n m \\ 1+1/r 



1>1 



<C(l + iV 1 (/ l ))^m2 m e™/(' n+1 )=C7(l + Ar 1 (^)) + 

m>l \e m <3- m e m >3- 



<C(1 + N!(h)) J2 m2m 3~ m /(m+1) + J2 ™2 m e m 3 m/(m+1 

\ rn > 1 m>l 

< C (1 + N^h))) (l + J i Iog(2 + |fi(0)|) da(0)) . 

This completes the proof of Theorem 2. 

4. Estimates for maximal functions 

For the maximal operator T* in (1.3) we have a result similar to Theorem 1. 

Theorem 3. Let q G (1,2], s G (1,2] and Q £ L^S 1 "- 1 ), h G A s . Suppose fl 
satisfies (1.1). TTien we /iave 

||T*(/)|U P(R(i ) <Ci,(g-l)- 1 ( S -l)- 1 ||f2|| il(s „-i ) ||/i|| A .||/|| L p (R< , ) 

/or a/Z p G (l,oo), where C p is independent of q, s, f2 and h. 

As Theorem 1 implies Theorem 2, we have the following as a consequence of 
Theorem 3. 

Theorem 4. Let il be a function in L\ogL(S n ^ 1 ) satisfying (1.1) and h G J\f\. 
Then 

l^*(/)llLP(R d ) < Cpll/lliP(M d ) 

for all p £ (1, oo). 

As in the cases of Theorems 1 and 2, the constants C p of Theorems 3 and 4 are 
also independent of polynomials Pj if we fix deg(Pj) (j = 1,2,..., d). When ft is 
as in Theorem 4 and h G A s for some s > 1, the L p boundedness of T* was proved 
in [1]. When n = d, P(y) = y, ft 6 L q for some q > 1 and /i is bounded, the L p 
boundedness of T* is due to [3] . 

We use the following to prove Theorem 3. 
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Lemma 6. Let = {r^ m) } (1 < m < £), where the 

in (2.2). Let 9 G (0,1) and let positive numbers A = (log j o)||fi|| L< 

B = (l — fim 9am ) 1 ^ e as above. We define 
(4.1) 



(m) 

measures ty are as 



(S»-i)l|ft||A„ 



T „*m (/)(*) = sup 
fcez 



Then, forpE (2(1 + <9)/(6> 2 - + 2), (1 + 0)/6) =: I e we have 
||T* ro (/)|| p < CA + B 2 lv +1 - e ' 2 ) ||/ 



ip j 



where C is independent ofq,s G (1,2], O G L q (S n 1 ), h G A s , p and i/ie coefficients 
of the polynomials Pj {I < j <d). 

Proof. Let Tp m \f) = J2 k r fc™^ * / be as in Lemma 2. Let a function y> be as in the 
definition of r^ m) in (2.2). Define <p k by <p k (£) = ip {(3^\H m TT d Sm R m {0\) . Let 5 be 
the delta function as above. Following [8], we decompose 



oo / fe— 1 

£ rj m) * / = Vk * T(™)(/) - ^ fe * £ r^Kf\+{8-^),\Y,r^Kf\. 

j=k ^ = -00 J \j=k 

It follows that 
(4.2) 



T* p , m (f) < sup <p k *T^(f)\ + f^N^\f), 



where ivj m) (/) = sup fe ip k * * / 

2 we have 



+sup fe 



. By Lemma 



(4.3) 



sup 

k 



<+A: 



*T(™)(/) 



< C+LB 1+ ^ ll/llp for pe (1 + 6,(1 + 0)/0). 



Also, by (2.7) we see that 

(4.4) ||ATj m V)|| r <CAB 2 /l/|| r for r> 1 + 9. 



On the other hand, we have 



^ m) (/)<(Ei^-^*(^*/)r) 1/2 +(E 



1/2 



¥>fc * (Tfe-j-l * / 



Therefore, by the estimates (2.5), (2.6) and Plancherel's theorem, as in [8, p. 820] 
we see that 



(4.5) 



N ( 3 m \f)\\ 2 <CAP m ^(l~P m ^) 



2a m \-l/2 



ESTIMATES FOR SINGULAR INTEGRALS AND EXTRAPOLATION 
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For pe Ig we can find r G (1 + 6», 2(1 + 9)/ 9) such that 1/p = (1 - 6)/r + 9/2, so 
an interpolation between (4.4) and (4.5) implies that 

(4.6) \\N^\f)\\ p < CAB^-0Vr (1 - p- 2a -)~ e/2 l3- a - ej \\f\\ p . 

Therefore, by (4.2), (4.3) and (4.6), for p G Ig we have 

l|T* m (/)|| P < CA (B^ + (i _ /3 m 2 -)- 6/2 ) ||/|| p . 

This implies the conclusion of Lemma 6, since (l-/3 m 2a ™) < Sand 2(1- 9)/r + 
9/2 + 1 = 2/p+ 1 -9/2. 

Proof of Theorem 3. Note that T*(f) < 2T*{f ) + 2^(|/|), where T*(f) is defined 
by the formula in (4.1) with {r- m ^} replaced by the sequence {aj} of measures in 
(2.1) and n* = (p^Y is as in Lemma 1. We note that T *(/) < £^ =1 T* ro (/). 
Now, Lemma 6 implies that 

||r;, m (/)|| p < c7(io gP ) (i - p-e/^'^y 3 \\n\\ q \\h\\ As \\f\\ P 

for p E Ig. By using this with p — 2 q s , since 9 G (0, 1) is arbitrary, we can conclude 
that 

for p G (1, oo). Also, by Lemma 1 /z* satisfies a similar estimate when p — 2 q s . 
Collecting results, we have Theorem 3. 

Remark. Let 

M(f)(x) = supt-" f \f(x - P(y))\\n(y')\\h(\y\)\ dy. 
t>o J\y\<t 

It is easy to see that M(f) < Cp*(f), where C is independent of p > 2. Therefore, 
by Lemma 1 we can prove results similar to Theorems 1 and 2 for the maximal 
operator M. In [1], L p boundedness of M was proved under the condition that 
il G LlogL(S'" _1 ) and h G A s for some s > 1. When n = d, P(y) = y, it is known 
that M is of weak type (1, 1) if Q G L\ogL(S n ^ 1 ) and h is bounded (see [5, 4]). 
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